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Abstract 

We analyze the optimal pesticide policy when pesticides released from farms harmfully affect 
wildlife. We develop a dynamic model that incorporates the change in farmers’ welfare and the 
social benefits when a pesticide policy is implemented. We derive the optimal pesticide policy 
using a bioeconomic model that gives account of the trade-offs between agricultural production 
and wildlife. The analysis shows that the pesticide policy depends highly on the economic range 
in which the agricultural is a profitable activity, as well as the pesticide stock threshold that 
drives wildlife to extinction. The economic instrument to implement the policy is a discrete tax. 
We deal in the last section with the tax level and the timing of such policy. 
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1 Introduction 

Environmental policies addressed to internalize the external costs of the harmful effects 
of pesticide use on human health, groundwater pollution and biodiversity have been 
widely studied during the last decades. Economic assessments of pesticide control 
policies have traditionally relied on pure efficiency effects, either comparing the 
economic costs and environmental benefits, or comparing costs relative to those of 
alternative control policies (Hoel & Karp, 2002). Such analyses have focused upon a 
static system where it is implicitly assumed a stationary state (Brethour & Weersink, 
2001; Cuyno et al., 2001). 

The study of the system dynamics turns out to be important for a number of 
reasons. The released pesticides last long in the environment, so their harmful effects to 
wildlife follow a dynamic path as well. Thus, if the regulator wishes to optimally 
manage the pesticide use in order to maximize the social benefits, she should inevitably 
tackle the dynamics of pesticide diffusion across the habitat and its dynamical effects on 
wildlife population. 

Although optimal control models of wildlife are not new, earlier models have 
essentially focused on investigating the optimal wildlife population and the optimal 
harvesting rate within the context of multispecies and prey-predator models (Kassar et 
al., 2004; Keith et al., 1985; Omer et al., 2007; Rollins et al., 2004; Skonhoft, 2005). 

The main contribution of this paper is the incorporation of an explicit damage 
function relating pesticide concentration and wildlife population, i.e., we analyze the 
optimal pesticide policy when pesticides applied in farms harmfully affect wildlife 
population. We develop a model that incorporates the change in private agricultural 
benefits following from controlling pesticide use and the social benefits of using less 
pesticide in agricultural production. We derive the optimal pesticide policy using a 
bioeconomic model that gives account of the change in farmers’ benefits and the non-
use benefits of an increasing wildlife population. 

Our analysis focuses on specifying a function that explicitly takes into account the 
damages to wildlife population, instead of a general damage function that usually just 
measures economic damages (Ko et al., 1992). This analysis allows specifying the 
biological thresholds, which turn out to be decisive in defining the optimal pesticide 
control (Clark et al., 1979; Cropper et al., 1979; Swanson, 1994).  

It will be shown that, when the initial pesticide concentration across the habitat is 
higher than the equilibrium concentration, the optimal pesticide policy consists of 
‘highly’ reducing pesticide at the outset, and then gradually increasing pesticide 
application at decreasing rate. On the other hand, if the initial concentration smaller than 
the steady state equilibrium, the optimal pesticide use is to slightly decrease its use at a 
decreasing rate until the equilibrium point. Our analysis shows that along the optimal 
path the optimal pesticide policy is mainly determined by the pesticide demand, the 
lifetime of pesticides and their instantaneous harmfulness and the wildlife growth.  

As in many cases it is not possible to implement a dynamic tax, a second-best 
solution is proposed to implement the policy. The second part of this paper introduces 
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the implementation of discrete taxes. We will show that a system of phasing in a tax 
relies highly on the initial pesticide concentration and on the number of tax switching. 

2 The model 

2.1 Statement of the problem 

We study two fundamental aspects of controlling pesticide use: a) the change in private 
benefits following from regulating pesticide use, and b) the social non-use benefits of 
wildlife, which mainly accrue to society as the number of wildlife species.  

Consider a situation in which the farmers use pesticides to increase the potential 
agricultural production. Pesticides diffuse to neighboring habitats and enter the wildlife 
food chain, through soil, water, air and biota. Hence, pesticide applied to control a target 
pest in farms incidentally reduces populations of some wildlife species as well. 
However, from a social point of view, the harmful consequences of pesticides to 
wildlife decrease social welfare by diminishing wildlife population as a consequence of 
increasing mortality, for instance. 

The instantaneous welfare ܹ depends thus on benefits derived from the farmer’s 
benefits ܻሺݔሻ and social non-use benefits from wildlife, ܤሺܮሻ; where ݔ represents the use 
of pesticides and ܮ the wildlife population. 

ܹሺݐሻ ൌ ܹ ቀܻ൫ݔሺݐሻ൯, ሻ൯ቁ (2.1)ݐሺܮ൫ܤ

We consider social welfare to be additively separable in all its arguments. 

The instantaneous farmers’ benefits depend basically upon the input allocations. 
The benefits function, ܻሺݔሻ, which represents the net benefits from cropping at time ݐ, is 
a strictly concave function in the relevant economic range. Thus, the optimal amount of 
pesticide application for given prices is given by the maximization of private benefits: 

ݔܽ݉
ሼ௫ሽ

ܻሺݔሻ (2.2)

whose first order condition is given by ܻԢሺכݔሻ ൌ 0 at a some maximizing level, כݔ, and 
the sufficient condition ܻԢԢሺכݔሻ ൏ 0. Hence, כݔሺݓሻ denotes the optimal pesticide demand 
function, which gives rise to the highest private benefits, ܻ௠௔௫൫כݔሺݓሻ൯, as a function of 

the unregulated pesticide price, ݓ. For simplicity in notation, we will simply write ݔ and 
ܻሺݔሻ hereafter. 

In addition to agricultural production, farms yield pesticides which accumulate in 
the habitat. The flow of pesticides can be represented by ݔߙሺݐሻ where ߙ translates 
pesticide demand into residuals emitted into the wildlife habitat. This parameter is 
directly related with the property of affinity. Likewise, the pesticide decays as a 
proportion of the pesticide concentration ߗߚ, where the coefficient ߚ, related to 
persistence, represents the rate of decay of the pesticide stock. The instantaneous net 
accumulation of pesticides through the wildlife habitat is then given by ݔߙሺݐሻ െ   .ߗߚ
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On the other hand, we consider the social non-use benefits derived from wildlife 
population. Such activities can include non-consumptive tourism, wildlife viewing, 
stewardship or the option value1. For the purpose of this paper, off-farm wildlife is 
conceptualized as the non-targeted species living in the neighborhood of farms, which is 
harmfully affected by pesticides. Moreover, it never becomes a pest and thus it does not 
affect agricultural output. That is, the sole presence of wildlife provides benefits and 
then wildlife neither increases nor diminishes income. We assume that wildlife 
population ܮ can be represented as a single species or biomass at a specific point in 
time. With this aim, let function ܤሺܮሻ represent the values that individuals capture. The 
benefits are assumed to be increasing at a diminishing rate as population increases:  

 
ܤ߲
ܮ߲

൐ 0,      
݀ଶܤ
ଶܮ݀

൏ 0  and 
ሺ0ሻܤ߲

ܮ߲
ൌ ∞ 

 
(2.3)

The dynamics of wildlife population is described by the function ߩሺܮሻ, which represents 
the population growth function. We assume that ߩሺܮሻ is strictly concave in ߩ ,ܮሺ0ሻ ൌ
ሻܭሺߩ ൌ ሻܮԢԢሺߩ ሻ is monotonically decreasing andܮԢሺߩ ,0 ൐ 0. Likewise, the pesticides 
exert an increasing damage, which is captured by ܴሺߗ,  ሻ; it is a concentration-responseܮ
function, which is expressed in aggregated wildlife mortality rate as a consequence of 
the exposure to pesticides. We assume that ܴሺߗ,  ሻ  is increasing at a decreasing rateܮ
with respect to pesticide concentration, i.e. ܴ௅ሺ0, ሻܮ ൌ 0 , ܴ௅ሺߗ, ሻܮ ൐ 0,  ܴఆሺߗ, ሻܮ ൐ 0  and 
ܴఆఆሺߗ, ሻܮ ൑ 0. Likewise, we assume that it is separable and it can be specified as 
ܴሺߗሻ ·  .ܮ

2.2 The optimal control problem 

The model defines the control strategy that maximizes the present value of society’s 
welfare. The pesticide control problem facing the social planner is simply to choose the 
time path for pesticide application that optimizes social benefits. Hence the social 
planner’s pesticide management problem is to maximize the discounted net social 
benefits, i.e., the agricultural private benefits and the non-use benefits of wildlife over 
time subject to wildlife population growth and the dynamics of pesticide concentration 
in the habitat:  

ݔܽ݉
௫ሺ௧ሻ

න൛ܻ൫ݔሺݐሻ൯ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀

∞

଴

 (2.4)

subject to 

ሻݐሺܮ߲ 

ݐ߲
ൌ ሻ൯ݐሺܮ൫ߩ െ ܴ൫ߗሺݐሻ൯ܮሺݐሻ (2.5)

 
ሻݐሺߗ߲

ݐ߲
ൌ ሻݐሺݔܽ െ      ሻݐሺߗߚ ሺߙ, ߚ ൐ 0ሻ (2.6)

 
ሺ0ሻܮ ൌ ሻݐሺܮ  ,଴ܮ ൒ 0 (2.7a)

                                                 
1 Option value does not indeed depend on wildlife population, but it is part of the total wildlife value. 
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ሻݐሺܮ  ൌ ݐ׊  ,0 ൐ ௘ሻݐሺߗ ݁ݎ݄݁ݓ  ௘ݐ ൒ ௘௫௧ (2.7b)ߗ

ሺ0ሻߗ  ൌ ሻݐሺߗ  ,଴ߗ ൒ 0 (2.7c)

ሺ0ሻݔ  ൌ ሻݐሺݔ  ,଴ݔ ൒ 0 (2.7d)

,ߜ  ,ߤ ݀݊ܽ ߙ  ߚ א Թା (2.7e)

and the transversality conditions for the infinite-horizon: 

݈݅݉
௧՜∞

݁ିఋ௧ߣ଴ሺݐሻ ൌ 0, ݈݅݉
௧՜∞

݁ିఋ௧ߣଵሺݐሻ ൌ 0 (2.8)

where 

  ሻ: Pesticide demandݐሺݔ
ܻሺݔሻ: Total  farmers’ private benefits  
 ሻ: Total non-use benefits of wildlife affected by pesticidesܮሺܤ

 ሻ: Wildlife populationݐሺܮ

  ሻ: Natural wildlife population growthܮሺߩ

ܴሺߗሻ: Wildlife population mortality 
 ሻ: Average concentration of pesticide across the habitatݐሺߗ
 Pesticide flow into the habitat coefficient :ߙ
 Decay coefficient :ߚ

  The social rate of discount :ߜ

Note that, unlike Gordon-Schaefer model (Clark, 1976) where benefits directly depends 
on the resource flow, the objective function in equation (2.4) depends on farmers’ 
private benefits and social non-use benefits of wildlife. The pesticide management 
problem is thus to determine the time path of pesticide use that optimizes net social 
benefits. 

Condition (2.7b) is particularly important when delimiting the problem. It 
represents that the historical pesticide application has followed a pattern which has 
driven wildlife to extinction when the pesticide stock is higher than a determined level, 
Ωୣ୶୲. That is, once exceeded such limit, it is no possible to have a positive wildlife 
population. 

3 Generalized functional specifications 

The solution for this general case is too complex to reach some intuitive conclusions. 
For ease of exposition, we make use of some familiar functional forms for wildlife 
population growth (logistic), non-use benefits (logarithmic) and the concentration-
response function (linear) so as to shed some light on the problem.  

 

 



Gutiérrez-García, Jorge 

5 
 

3.1 Statement of the problem 

Consider representative farmers, making input decisions based in maximizing profits. 
From this point of view, pesticide application decisions are based on the price of the 
regulated agricultural pesticide, w; prices of other inputs; and output price. In this study, 
we approach the problem within a damage control framework for the agricultural 
system, originally suggested by Lichtenberg & Zilberman (1986). We assume that the 
pesticide contribution to increase the agricultural output can be modeled as a damage 
abatement input rather than a production input. Such damage control inputs do not 
increase potential output but rather they may decrease it.  

Furthermore, other productive inputs and prices are assumed to be constants, 
which determine the maximal potential output, A.  Thus, the benefits function can be 
considered as the profits obtained from agricultural production, with pesticides as the 
main input. Likewise, we assume constant marginal costs of applying pesticide, i.e., cost 
linearly depends on the amount of pesticide applied: 

ܻሺݔሻ ൌ ሻݔሺܩܣ െ (3.1) ݔݓ

where A is the maximum potential agricultural production; this parameter captures price 
and production technology as well. Lichtenberg & Zilberman (1986) define the function 
 ሻ as the pesticide effectiveness to kill pests. Such function possesses the propertiesݔሺܩ
of a cumulative probability distribution: ܩሺ0ሻ ൌ 0, ݈݅݉௫՜ஶ ሻݔሺܩ ൌ 1, and ܩԢሺݔሻ  is the 
marginal pesticide effectiveness, or simply the density of ܩሺݔሻ, whose main properties 
are ܩԢሺݔሻ ൐ 0 and ܩԢԢሺݔሻ ൏ 0.2 Thus, the necessary condition for farmer to maximize 
profits is given by 

ሻכݔԢሺܩܣ െ ݓ ൌ 0 (3.2)

The farmer maximizes thus profits by using the optimal quantity of pesticides, כݔ, i.e. 
when marginal benefits are equal to marginal cost (pesticide price). 

On the other hand, the non-use benefits function is considered to follow a 
logarithmic path, 

ሻܮሺܤ ൌ ܾ݈݊ሺܮሻ (3.3)

where b is a positive constant. The intuition behind this form is that benefits are an 
increasing function of wildlife population at a decreasing rate, BL ൐ 0 and BLL ൑ 0. 
Eiswerth & Kooten (2009) use such functional form to model non-use benefits of 
wildlife in a contingent valuation study. 

On the other hand, the logistic growth function has been the mainstay to analyze 
biological populations. Such functional considers the wildlife population net growth, ρ, 
changing at a rate that is function of current population, in which L first increases until a 
certain level, and then decreases toward zero as the environmental carrying capacity, K, 

                                                 
2 This last inequality does not hold in all cases. In the next section we will constraint our problem to a 

determined range where the restriction for the second derivative holds. 
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of the species is approached.3 We use a logistic growth function to model wildlife 
population growth: 

ሻܮሺߩ ൌ ܮݎ ൬1 െ
ܮ
ܭ
൰ (3.4)

where ݎ and ܭ are constants that respectively represent the growth rate and the habitat’s 
maximum biological capacity. 

On the other hand, we consider the situation in which pesticide harmfully affects 
wildlife. The main consequence is the reduction of wildlife population growth rate. We 
assume a linear relation between pesticide concentration and the reduction of natural 
growth.4 That is, the net wildlife mortality function is proportional to both pesticide 
concentration and the current wildlife population level: 

ܴሺߗ, ሻܮ ൌ (3.5) ܮߗߤ

In a wide range of pesticide stock, the simplest model is a linear function. This form 
capture the main features of a kill function, that is, more pesticide kills more wildlife, 
and as the current population is larger, the number of individuals killed also increases: 
RΩ ൐ 0,    and RL ൐ 0. Moreover, the available evidence suggests that a dose-response 
function is unlikely to significantly change over a large range. That is, the straight line 
model does appear to be appropriate in many cases (Suter, 2007). Note that it also 
assumes that there is a no-concentration (threshold) of a toxicant below which no 
adverse effect is expected (Leeuwen & Vermeire, 2007). 

 

Figure 4.1 Growth-mortality function 

In combining both the growth function (3.4) and mortality function (3.5) we 
obtain the net growth function. In Figure 4.1 the resulting function is represented by the 

                                                 
3 However, a functional form such as the depensatory logistic growth function is used since it explicitly 

includes a minimum viable population (Conrad, 1999). 
4 The typically used concentration-response function is a logistic model ܴሺߗሻ ൌ ݁௔ା௕ఆ/ሺ1 ൅ ݁௔ା௕ఆሻ 

where ܴ is the response of the exposed wildlife population; ߗ is the exposure concentration; and ܽ and 
ܾ constant parameters with no direct biological interpretation. 

L 

ሶߩ

ܭ

µΩ 

Ԣܭ

ሶߩ െ ܮΩߤ

Mortality 

Natural 
growth 

Net growth 

ሶܮ  
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bold line. Notice that the mortality function reduces both the maximum biological 
capacity ܭ to ܭԢ, as well as the maximum growth rate.   

4 Optimal pesticide policy 

4.1 Intertemporal optimization 

Consider the problem described in (2.4)-(2.8). To solve such maximization problem, we 
use the maximum principle. The current-value Hamiltonian, where ߣ଴ and ߣଵ denote the 
co-state variables of wildlife population and pesticide stock respectively, for the control 
variable ݔ is (suppressing t): 

࣢෩ ൌ ሾܩܣሺݔሻ െ ሿݔݓ ൅ ܾ ݈݊ ܮ ൅ ଴ߣ ൤ܮݎ ൬1 െ
ܮ
ܭ
൰ െ ൨ܮߗߤ ൅ ݔߙଵሾߣ െ ሿ (4.1)ߗߚ

Since the control variable, ݔ, is non-negative by assumption (2.7d) along with condition 
(2.7), the two state variables are always non-negative and the Hamiltonian ࣢෩  is 
continuously differentiable with respect to ݔ. To solve this system, i.e. to find the 
optimal trajectories כݔሺݐሻ, ,ሻݐሺכߗ ,ሻݐሺכܮ ଴ߣ

כ ሺݐሻ and ߣଵ
 ሻ we establish the necessaryݐሺכ

conditions of the control problem: 

߲࣢෩

ݔ߲
ൌ ሻݔԢሺܩܣ െ ݓ ൅ ଵߣߙ ൌ 0 (4.2)

଴ߣߜ െ
߲࣢෩

ܮ߲
ൌ ଴ሶߣ ൌ ଴ߣ ൤ߜ െ ሺݎ െ ሻߗߤ ൅

ݎ2
ܭ
൨ܮ െ

ܾ
ܮ

 (4.3)

ଵߣߜ െ
߲࣢෩

ߗ߲
ൌ ଵሶߣ ൌ ߜଵሾߣ ൅ ሿߚ ൅ (4.4) ܮ଴ߣߤ

along with 

߲ଶ࣢෩

ଶݔ߲
ൌ ሻݔԢԢሺܩܣ ൏ 0 (4.5)

and equation (2.8) are sufficient conditions for an interior solution. 

Furthermore, equations (2.4)-(2.7) represent an autonomous problem. Thus the 
current-value Hamiltonian has the following property as well: 

߲࣢෩ כ

ݐ߲
ൌ 0 (4.6)

The interpretation of the first order conditions is that along the optimal path, according 
to equation (4.2), the marginal benefits function decrease equals the marginal benefits of 
decreasing the pesticide deposit across the habitat. The shadow price, െߣଵ, is usually 
interpreted as the value of diminishing a unit of pesticide stock across the habitat. 

The interpretation of the condition (4.2) is that the harmful effects of pesticide on 
wildlife should take place up to the point where the unit of farmers’ benefit is equal to 
the shadow price of the imputed cost of pollution, which according to condition (4.2) is 
clearly negative. Furthermore, as the pesticide stock becomes larger the (negative) 
shadow price should be higher due to increasing damaging costs. 
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Recall that we further assumed that the pesticide harmfully affected wildlife 
population beyond the economic optimal population level, so we have thus to make 
some important remarks. First, if we assume that the initial pesticide concentration, ߗ௢, 
is higher than the optimal, we can expect that ݔሺݐሻ ൑  ଴ Thus, if the social plannerݔ
wishes to diminish pesticide concentration through the habitat, she has to follow a path 
that diminishes the pesticide demand by farmers. It also implies that the net population 
growth rate, ݀ܮ ⁄ݐ݀ , is positive once the policy pesticide is established. That is, the 
mortality rate is decreasing by diminishing the pesticide stock.  

However, in the contrary case, i.e., if the initial pesticide concentration, ߗ௢, is 
smaller than the optimal, it is not possible to state that ݔሺݐሻ ൒  ଴ for all t. The underlyingݔ
idea is that the use of pesticides always affects wildlife population, so the regulation of 
pesticide use might be imposing small taxes.   

4.2 Equilibrium analysis 

In this section we derive the stationary wildlife population and pesticide concentration 
across the habitat. In the steady state, Lሶ ൌ 0 and Ωሶ ൌ 0, hence from equations (3.4) and 
(3.5), we obtain the isoclines which respectively are 

ݎ ቆ1 െ
തܮ

ܭ
ቇ ൌ തܮ ത forߗߤ ് 0 (4.7)

തߗ ൌ
ߙ
ߚ
ҧ (4.8)ݔ

Equation (4.7) simply represents the steady state where growth rate equals mortality 
rate. Likewise, equation (4.8) can be understood as the equality between pesticide flow 
and pesticide decay.  

 

Figure 4.2 Phase-diagram for state-variables dynamics: (a) without extinction, b) 
extinction 

From equation (4.8), the level of the steady state concentration is a vertical line in 
the Ω െ L space, while equation (4.9) gives as a result a linear decreasing function. We 

ሶߗ ൌ 0 

 തܮ

Ωഥ 
Ω 

ሶܮ ൌ 0 

 ܮ

 ܭ

ݎ ⁄ߤ  

ሶߗ ൌ 0 

Ω 

ሶܮ ൌ 0 

ܮ

ܭ

ݎ ⁄ߤ  Ωഥ 
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can see this result in the Figure 4.2. Solving simultaneously the system we obtain the 
steady state values of wildlife population and pesticide concentration.  

തܮ ൌ ܭ ൬1 െ
ߤ
ݎ
ߙ
ߚ
ҧ൰ (4.9)ݔ

Note that another feasible point is also ሺ0,0ሻ, but we ignore this trivial equilibrium.  

If the equilibrium turnpike ሺߗത,  തሻ exists in the positive quadrant, the solution is aܮ
global stable node (see Appendix A) toward which the system will tend from any 
nontrivial point in the positive quadrant. On the contrary, if ߗത ൐  ௘௫௧ the equilibriumߗ
will tend to wildlife extinction. Both cases are represented in Figure 4.2, where an 
arbitrary but typical path is represented by a solid line. Note that at high level of initial 
wildlife population is even possible to reach the equilibrium at values beyond the 
extinction level. 

In the steady state, λሶ ଴ ൌ 0 and λሶଵ ൌ 0. Hence from equations (4.3) and (4.4), we 
obtain the isoclines which respectively are: 

ሾߜ ൅ ݎ െ ҧ଴ߣതሿߗߤ ൌ
ܾ
തܮ

 (4.10)

ሾߜ ൅ ҧଵߣሿߚ ൌ െܮߤതߣҧ଴ (4.11)

 

Figure 4.3 Phase-diagram of wildlife population and its shadow price. 

Solving the system of simultaneous equations (4.9), (5.3), (4.10) and (4.11) we obtain: 

ҧ଴ߣ ൌ
ܾ

ܭ ൬1 െ
ߤ
ݎ
ߙ
ߚ ҧ൰ݔ ൤ߜ ൅ ݎ ൬1 െ

ߤ
ݎ
ߙ
ߚ ҧ൰൨ݔ

 (4.12)

ҧଵߣ ൌ െ
ߤ

ሺߚ ൅ ሻߜ
ܾ

൤ߜ ൅ ݎ ൬1 െ
ߤ
ݎ
ߙ
ߚ ҧ൰൨ݔ

 (4.13)

where ݔҧ is the value which solves the resulting equation from equating equations (4.2) 
and (4.13) for λሶଵ ൌ 0: 

଴ሶߣ ൌ 0

തܮ

λത଴ 

ሶܮ ൌ 0

ܮ

λ଴ 
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1
ߙ
ሾܩܣԢሺݔҧሻ െ ሿݓ ൌ

ߤ
ሺߚ ൅ ሻߜ

ܾ

൤ߜ ൅ ݎ ൬1 െ
ߤ
ݎ
ߙ
ߚ ҧ൰൨ݔ

 (4.14)

However, it is not possible to obtain an explicit solution for ݔҧ. Equations (4.12) and 
(4.13) have some important properties that will be useful when drawing the phase 
diagrams: 

݈݅݉
௅ത՜଴

ҧ଴ߣ ൌ ∞ and ݈݅݉
௅ത՜଴

ҧଵߣ ൌ െ
ߤ

ሺߚ ൅ ሻߜ
ܾ
ߜ

 (4.15)

We can interpret െλଵ as the per unit imputed cost of pollution. When െλଵ increases, the 
imputed cost of pollution increases, which can lead to decrease the pesticide use. 
Therefore, taking derivative from equation (4.8) we obtain the corresponding slope: 

ߗ߲
ଵߣ߲

ൌ
ߙ
ߚ
ݔ߲
ଵߣ߲

 (4.16)

From first order condition (4.2), we can obtain x as a function of λଵ, and the derivative 
as well: 

ݔ߲
ଵߣ߲

ൌ െ
ߙ

ሻݔԢԢሺܩܣ
൐ 0 (4.17)

hence, equation (4.16) is non-negative for all x ൐ 0. On the other hand, from equations 
(4.12) and (4.13) we can show that: 

തܮ߲

തߗ߲
൏ 0 and ߲ߣҧ଴

തߗ߲
൐ 0 (4.18)

Using these equations we can draw the phase-diagram showed in Figure 4.4. As we can 
see in Figure 4.4, for a given Ω଴ we have to choice λ଴ in regions II and IV such that the 
pair ሺΩ଴, λ଴ሻ belongs to the path converging to the turnpike ൫Ωഥ, λത൯.  

For Ωഥ ൏ Ω଴, we choose λ଴ on the saddle point path in region II. Clearly, the initial 
control is כݔሺ0ሻ ൌ ଵߣሺݔ

଴ሻ.  

So far we have not considered the constraints imposed by the biological system, 
such as the limit of pesticide concentration that irremediably drives wildlife to 
extinction. That is the main reason why we do not extensively consider phase-diagram 
to the right of ߗ௘௫௧. Likewise, the agricultural production imposes some constraints on 
the economic range where agricultural production is profitable. Hence, the phase 
diagram is slightly bounded and modified. We will tackle this problem in the next 
section, since it entails important consequences to define the optimal pesticide path. 

5 Characterization of the optimal taxation policy 

We have pointed out that λଵ can be interpreted as the imputed cost of pollution. Thus, 
the social planner’s problem is how to implement a policy that internalizes such cost. 
Such policy affects directly the farmers’ decision on allocating pesticides to production. 

Equations (3.2) and (4.2) are decisive for the pesticide policy. The main difference 
between both first order conditions is the consideration of the cost of pollution on the 
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social planner’s side when determining the level of pesticide use. The regulator takes 
into account the external cost of using determined level of pesticides when choosing the 
socially optimal level of pesticides. The choice implies the consideration on the 
increased profit of farmers, but also the increased cost of stock pollution that harmfully 
affects wildlife. 

 

 

Figure 4.4 Phase-diagram of the concentration-shadow price system. 

The economic instrument for the implementation of such a policy can be 
determined by analyzing the differences. In order to match the decision on the level of 
pesticides by farmers and the social planner, she has to impose the social cost generated 
by the choice of using a determined pesticide level.  

The economic instrument than can be used is a Pigouvian tax on emissions. With 
this tax, the farmer maximizes profits when Gᇱሺxሻ ൌ w ൅ τ, hence the optimal dynamic 
path under this tax is equal to τሺtሻ at the time ݐ. Moreover, τ ൌ െαλଵ could be 
considered as the Pigouvian tax that equalizes social benefits with social costs.  

In equation (2.2), w represents the unregulated pesticide price before imposing the 
tax. Likewise, after imposing a tax, the farmer is assumed to reallocate inputs to obtain 
the highest profits at the new prices, with כݔሺݓ ൅ ߬ሻ, where ߬ ൒ 0 and ݔԢሺݓሻ ൏ 0. 
However, we can simplify such problem by considering ݔ as the control variable, so ߬ 
will enter the problem just as a dependent variable of pesticide demand, ݔ. Hence, if we 
know the optimal path of pesticide demand, the tax is directly determined from such 
function. 

 

ଵሶߣ ൌ 0 
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λଵ 

Ωሶ ൌ 0 
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ܫܫ
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5.1 Boundaries for the optimal taxation policy 

As mentioned in the foregoing section, we consider taxes as the economic instrument to 
implement the policy. We only consider positive taxes, that is, we do not consider 
subsidies. This constraint has important repercussions for the taxation policy. The 
immediate consequence is on the boundaries of the control variable.  

a) Agricultural boundaries 

Consider a single farmer; the relevant economic range is mainly delimited by variables 
relating to the agricultural system. In Figure 5.1 are depicted the well-known relations 
between revenues, costs, and marginal benefits (recall the properties of ܩሺݔሻ described 
in section 3.1). The economic range in which a farmer can maximize profits is delimited 
by ሾݔ௕௔௡,  ஻ can be defined as the maximum pesticide level thatݔ .஻ሿ for a positive taxݔ
generates the maximum profit before imposing a tax. At this point benefit is ܻሺݔ஻ሻ ൌ
ܻ௠௔௫, as we pointed out in (2.2). The imposition of a tax will increase the slope of Cሺxሻ 
moving the cost line upwards. The pesticide level will diminish cost and revenue curve 
intersect in a single point (Figure 5.1a), where it also turns out that ܥԢሺݔሻ ൌ  ሻ. TheݔԢሺܨ
lowest amount of pesticide is thus the level at which the profits are cero, that is, when 
ܻሺݔ௕௔௡ሻ ൌ 0. As we have assumed linear cost, both bounds can be found when the 
marginal revenue equalizes marginal cost: 

Upper bound ܨᇱሺݔ஻ሻ ൌ ,ݓ ܻሺݔ஻ሻ ൌ 0, ܻሺݔ஻ሻ ൌ ܻ௠௔௫ (5.1)

Lower bound 
௕௔௡ሻݔᇱሺܨ ൌ ݓ ൅ ߬௕௔௡, ܻԢሺݔ௕௔௡ሻ ൌ 0 

௕௔௡ሻݔሺܨ ൌ ሺݓ ൅ ߬௕௔௡ሻݔ௕௔௡, ܻሺݔ௕௔௡ሻ ൌ 0 
(5.2)

 

Figure 5.1 a) Revenues and costs, and b) marginal revenues as a function of 
pesticide use. 

 ݔݓ

ሻݔԢሺܨ

ݔ

௕௔௡ݔ஻ݔ

ሺݓ ൅ ߬ሻܨ ݔሺݔሻ 
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If we consider the whole sector, it is not straightforward that we can know such limits. 

Instead, we assume that the lower limit is positive. From these definitions, i.e., from the 

point of view of farmers, we can establish the following definition: 

Definition 5.1 In the equilibrium ݔ is at most ݔ஻, since the pesticide use beyond that 

level decreases benefits as well as increases pesticide pollution. On the other hand, the 

pesticide level is at least ݔ௕௔௡ in equilibrium, since it represents the minimum pesticide 

use level in which profit are non-negative.  

Furthermore, the main properties of effectiveness have been already described in 
foregoing sections: ܩԢሺݔሻ ൐ 0 and ܩԢԢሺݔሻ ൏ 0. 

Hence, the economic range is delimited by these boundaries. In Figure 5.2 these 
boundaries are depicted as a box whose sides are the horizontal axis, the vertical lines 
 ஻, as well as horizontal line ߬௕௔௡. Furthermore, as long as we do not considerݔ ௕௔௡ andݔ
dynamic issues, we can even equalize the pesticide level and the pesticide stock 

according to (5.3), so that these bounds can be equally considered as ߗ஺ ൌ
ఈ

ఉ
 ௕௔௡ andݔ

஻ߗ ൌ
ఈ

ఉ
 ଴ cannot be larger thanߗ ஻. It is then obvious that the initial pesticide stock isݔ

 ஻, since farmers could have used more pesticides than the optimal. However, if thereߗ
were distorting incentives, such as subsides, the initial pesticide stock is likely to be 
higher than ߗ஻. 

b) Biological boundaries 

So far we have described the boundaries determined mainly by the agricultural system. 
However, the system equilibrium is determined not only by the agricultural parameters 
but by the biological parameters as well. Such boundaries mainly refer to the extinction 
level, ߗ௘௫௧, beyond which wildlife is driven to extinction (recall condition 2.7b). This 
level is determined by the state equation for wildlife, and whose value is determined by 
(5.3). Hence, the system’s equilibrium has non-negative values ߗത௜ ൒ 0 and ܮത ൒ 0  
provided that  

ҧݔ ൑
ݎ
ߤ
ߚ
ߙ

 or equally ߗ௘௫௧ ൌ
ݎ
ߤ

 (5.3)

Definition 5.2 We define ݔ௘௫௧ ൌ
௥

ఓ

ఉ

ఈ
  or ߗ௘௫௧ ൌ

௥

ఓ
  as the extinction level, i.e., the 

threshold that would bring wildlife to extinction, since values equal or larger that those 

ones bring non-positive equilibrium values of ܮ.  

The extinction will take place as the mortality rate exceeds the growth rate when 

wildlife population approximates cero. This condition can be written as ݈݅݉௅՜଴
ఘሺ௅ሻ

௅
ൌ

ݎ ௘௫௧. From equations (3.4) and (3.5) we obtainߗߤ ൌ  ௘௫௧, which turns out to beߗߤ
equivalent to (5.3). 
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If equilibrium lies on the interior of the specified boundaries, it implies that it is 
optimal to use some pesticide forever in the long run. The only point in time when its 
use is not optimal is at the outset when the pesticide pollution stock is higher (smaller) 
than Ωഥ.  

5.2 Optimal trajectory 

In this section we describe a general optimal pesticide path. Such policy assumes an 
interior equilibrium whose initial conditions are also interior. That is, we rule out for the 
moment that the equilibrium and the initial conditions involve non-negative profits or 
wildlife extinction.  

Proposition 5.1 There exists an equilibrium ሺܮത,  ഥሻ, provided that the marginal privateߗ

benefits at ݔ௕௔௡ are equal or higher than the cost of pollution when pollution is close to 

cero. 

Proof. Consider the bounds described in the Definition 5.1. From (5.2) we know that 
 …௕௔௡ represents the smallest pesticide useݔ

௘௫௧ሻݔԢሺܩܣ െ ݓ ൑ ߙ
ߤ

ሺߚ ൅ ሻߜ
ܾ
ݎ

 (5.4)

and 

஻ሻݔԢሺܩܣ െ ݓ ൒ ߙ
ߤ

ሺߚ ൅ ሻߜ
ܾ

ሺݎ ൅ ሻߜ
 (5.5)

The curves  λሶ 1 ൌ 0 and ߗሶ ൌ 0 are decreasing and increasing respectively in  Ω. 
This implies that is sufficient that they intersect in the bounds, or that in the limits of the 
interval one is bigger than the other one, and in the opposite bound this relation inverts. 
Equations (5.4) and (5.5) precisely represent this statement. Hence, the set of points in 
which non-negative profits and non-negative wildlife population is bounded by: 

ܵ ൌ ሼሺߗ, ߬ሻ|ߗ א ሾ0, ஻ሿߗ ܽ݊݀ ߬ א ሾ0, ߬௕௔௡ሿሽ (5.6)

i.e., the feasible region of the Ω െ  □ .space for an interior equilibrium ߣ

In fact, we can also state that when ݈݅݉௅՜଴ ܮ
డ஻ሺ௅ሻ

డ௅
൏ ∞ holds, the inequality (5.4) is 

not necessary for the equilibrium to exist. 

Furthermore, we will use the equivalence τ ൌ െαλଵ, instead of simply λଵ in order 
to intuitively describe the optimal policy path, as well as to show the implications of the 
initial conditions to the path.5  

As we are interested in describing the optimal policy, we will redraw Figure 4.4 
by using the interval described in (5.6). The new diagram has some distinctive features. 
In Figure 5.2, the curve for λሶଵ ൌ 0 is asymptotic to the value of Ωୟୱ୷୫ ൌ ሺδ ൅ rሻ µ⁄ . 

                                                 
5 We will scale up the axis ߣଵ by െߙ. The resulting system is then directly related to the tax value. 
However, in order to avoid confusion, we will continue using the labels ߣሶଵ ൌ 0 and Ωሶ ൌ 0. But keep in 
mind that we are indeed referring to the same curv but with negative sign. 
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However the feasible solution with a positive wildlife population is to the left of Ωୣ୶୲. It 
has important consequences in drawing the phase diagram.  

If ߗ଴ ൐ ௘௫௧, from (2.7b), (4.4) and (4.13), the curve λሶଵߗ ൌ 0  is a horizontal line 
along the horizontal axis, i.e. λଵ ൌ 0 converging to ݔ஻. This situation arises when 
previous incentives (subsidies for example) brought the pesticide concentration beyond 
the economic range, ߗ஻. That means that wildlife is likely to be extinct, so that the 
equilibrium is simply determined by the agricultural system where profits are 
maximized. This is the underlying reason for the constraint (2.7). It does not necessarily 
mean that ܮ ൌ 0. However, if ܮ଴ is sufficiently high, it is possible that a positive wildlife 
population can be even maintained. This situation arises in agricultural systems where 
high levels of pesticides have been used in short periods. 

 

Figure 5.2 Phase-diagram of the control variable and tax. 

If the initial Ω଴ state is higher (smaller) than the steady state Ωഥ and within the 
limits of the interior solution, the optimal tax rate starts at ሺτ଴, Ω଴ሻ and then decreasing 
(increasing) at a decreasing rate; it will approach Ωഥ from above (below). Since, τሺtሻ is 
decreasing (increasing), in this case the optimal policy is to tax pesticides at a high 
(low) rate and gradually decrease (increase) taxing to the turnpike level ሺΩഥ, τതሻ.  

5.3 Key parameters for equilibrium and uniqueness 

In this section we describe different cases arising with regard to both the boundaries 
described in the foregoing section and the system equilibrium. The standard case arises 
when the equilibrium involves positive profits and positive wildlife population. 
However, in some cases the equilibrium could inevitably entail either the extinction of 
wildlife or the complete ban of the pesticide. Both cases are extreme, but have to be 
considered to get the wide picture of the optimal pesticide policies. For the meantime, 

ሶଵߣ ൌ 0 

߬ҧ 

െαλଵ 

Ωሶ ൌ 0 

Ω 

߬௕௔௡ 

 ܫ
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 ܸܫ
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we just describe all cases. We will discuss some conditions (comparative statics) that 
generate such cases afterwards. 

 

Figure 5.3 Phase-diagram of the control variable and tax. 

5.3.1 Interior solutions (ષഥ ൏ ષ࢚࢞ࢋ) 

a) General case with high pesticide pollution stock 

We consider the case where ΩB ൏ Ω଴ ൏ Ωୣ୶୲. As we mentioned in the previous section, 
this situation arises when, for instance, previous subsidies to pesticides were applied. If 
this is the case, the first step is to remove these subsidies and then follow the optimal 
policy as follows. 

Figure 5.2 shows that the optimal path (bold line) intersects the horizontal line 
representing the level τA. This point is labeled as A. The significance of this point is 
crucial. If the tax value along the optimal tax is higher than τA, then the optimal control 
is τכ ൌ τA, meaning that no pesticide is used, i.e., xכ ൌ 0. 

If the initial concentration is assumed to lie within the interval ሺߗ஻,  ௘௫௧ሻ, theߗ
optimal pesticide policy is to initially apply the maximum tax, τA, to which we will refer 
as τୠୟ୬ hereafter, i.e. the level at which the use of pesticide is non-profitable any longer 
(or banned), so that no pesticides are used at this point. We maintain such level until 
point A, and from this point on we follow the optimal path. This is equally to ban the 
pesticide, and permit the pesticide stock naturally decay up to a determined level, from 
which we will follow the optimal path. 

ሶଵߣ ൌ 0 

߬ҧ 

െαλଵ 

Ωሶ ൌ 0 

Ω 

߬஺ 

ΩഥΩ஺ Ω௘௫௧ Ω஻ 
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Figure 5.4 Phase-diagram of the control variable and tax. 

Figure 5.3 depicts another possibility similar to the previous one. In this situation 
the optimal path intersects the horizontal line of τA in the point marked as ܣ. As Ω଴ 
intersect to the left of this point, the optimal pesticide is simply to follow the optimal 
path.  

b) Restoring habitat for wildlife 

Let now consider the case in which ߗ௘௫௧ ൑  ଴. This case is depicted in Figure 5.2 andߗ
Figure 5.3. The initial concentration is higher than the extinction level, Ωୣ୶୲. At first 
sight, this initial situation would imply no tax, the extinction of wildlife and the 
maximum profits level at ΩB as equilibrium. Hence, the optimal policy is to remove 
subsides and not to tax pesticides. 

However, if the forgone benefits of extinction are sufficiently high, we would be 
interested in restoring the habitat to provide the conditions to house wildlife, the policy 
described in section 5.3.1a does make sense. In other words, there is the possibility that 
some species are still alive, and we are still in time to implement a policy similar to the 
described in the last paragraphs. That is, given a L଴ ب 0, it is possible to obtain a 
Lሺtሻ ൐ 0 in the long term [***provide a proof]. 

That is, if there is a subside, the first step is to remove it, and then to tax at 
maximum level, τୠୟ୬, and then to follow the path presented in a) and then to vary 
accordingly.  It will restore the remaining population or restore the living conditions for 
wildlife. 

c) A pristine habitat 
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We now draw the attention to the other extreme of the horizontal axis. We consider the 
case where Ω଴ ൏ ΩA ൏ Ωഥ. Figure 5.4 depicts this situation when the initial concentration 
of the habitat is cero or smaller than the minimum profitable pesticide use. Even when 
the pesticide stock in the habitat is smaller than ΩA, the optimal pesticide is to tax it 
smoothly according to 0. The intuition behind this is that the taxation path slows down 
the pesticide release rate to the habitat. It diminishes the pollution stock and longer 
keeps wildlife population at a higher value longer, even when in the long-run they 
converge to the same equilibrium. 

In brief, the initial concentration determines whether the pesticide is initially 
banned or not. It can be formally stated as follows.  

Definition 5.3 Let ݔ ൌ ߰ሺߣଵሻ denote the solution of equation (4.2). On account of eq. 

(5.6), we define the optimal taxation policy as follows 

ሺ߬ሻכݔ ൌ ൝
0 : ߬ ൐ ߬௕௔௡

߰ሺߣଵሻ : 0 ൏ ߬ ൑ ߬௕௔௡
஻ݔ : ߬ ൌ 0

 (5.7)

It follows that there exist a unique τୠୟ୬ such that ψሺτୠୟ୬ሻ ൌ 0, ψሺτሻ ൑ 0 for τ ൒ τA and 
ψሺτሻ ൐ 0 for 0 ൑ τ ൏ τA.  

5.3.2 Special cases. Outer solutions and corner solutions 

Case A. Extinction 

In this case, the equilibrium level of the pesticide use is less than the minimum pesticide 
level at which profits are non-negative.  

Extinction takes place if the cost of pollution of the first released unit is smaller than the marginal 

agricultural benefits. 

Consider the bounds described in 5.1. From (5.3) we know that ݔ௘௫௧ represents the 
threshold… 

௘௫௧ሻݔᇱሺܩܣ െ  ݓ ൌ ᇱܩܣ ൬
ݎ
ߤ
ߚ
ߙ
൰ െ ݓ ൒

ߤ
ߜ ൅ ߚ

ܾ
ߜ

 (5.8)

The proof  of this inequality is as in Proposition 5.1. 

The interpretation of equation (5.8) is straightforward. If the cost of pollution is not 
higher than the marginal agricultural benefits, the extinction of a species could be 
socially optimal. 

All optimal paths will inevitably converge to the equilibrium where wildlife is 
driven to extinction. However, there is a special case when the initial pesticide stock in 
the habitat is smaller than the Ωୣ୶୲. The policy is to follow the optimal path until 
pesticide stock reaches Ωୣ୶୲. Since the wildlife population is cero from this point on, the 
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policy is then to remove taxes and let the farmers choose the pesticide level that 
maximizes profits. [***does it make any sense to follow an optimal path that 
unavoidably drives wildlife to extinctions? is no-control better? the forgone benefits?] 

Case B. Complete pesticide ban 

This is an extreme case when the equilibrium is higher than the maximum pesticide tax, 
τ௕௔௡. That is equilibrium lies on any point along this level. In such a case, the optimal 
pesticide is to set up the fixed tax at τୠୟ୬, which implies tha any positive pesticide use is 
not optimal. Furthermore, in a case where the equilibrium point ሺΩഥ, τതሻ lies above τୠୟ୬, 
the pesticide policy is also to ban the pesticide from the beginning. The conditions, for 
such equilibria will be discussed in the coming section. 

 

Figure 5.5 Effects of underlying parameters in the optimal path. 

5.4 Comparative statics 

In this section we discuss the underlying parameters which affect isoclines and the 
system equilibrium. It is of special importance to examine the changes in the 
equilibrium solution of optimal control problem when one of the parameters is 
marginally tightened or relaxed. In particular, the change in the natural decay of 
pollution (associated to persistency), β, as well as in the parameter associated to 
mortality, µ. As in many studies (Keeler et al., 1971), we will explore the standard 
conclusion that higher is the rate of decay, the higher is the level of pollution stock at 
which the pesticide’s is banned.  

a) Wildlife-related parameters 

As showed in the previous section, the pesticide stock level, at which extinction takes 
place, plays a crucial role in determining the optimal path. Recall that this level is 
Ωୣ୶୲ ൌ r µ⁄ , so it is evident that both parameters directly affect it.  

Let take first the effects of an increase (decrease) in the natural growth rate, ݎ. As 
we can observe in Figure 5.5a, the main effect is the increase (decrease) in the 

extinction pesticide stock from Ωୣ୶୲
ሺଵሻ  to Ωୣ୶୲

ሺଶሻ . A possible explanation for this is that the 
ratio r µ⁄  represents the net growth (mortality) ratio, which is directly related to the 

ҧ߬ଵ 

െαλଵ 
 

Ωሶ ൌ 0 

Ω 

߬௕௔௡ 

Ωഥଵ Ω௘௫௧
ଵ  

ܽሻ ܾሻ ܿሻ 

ሶଵߣ ൌ 0 

Ω௘௫௧
ଶ  Ωഥଶ 

ҧ߬ ଶ 

ҧ߬ଵ 

െαλଵ 
 

Ωሶ ൌ 0 

Ω

߬௕௔௡ 

Ωഥଵ Ω௘௫௧
ଵ  

ሶଵߣ ൌ 0 

Ω௘௫௧
ଶ  Ωഥଶ 

ҧ߬ ଶ 

ҧ߬ଵ

െαλଵ

Ωሶ ൌ 0 

Ω

߬௕௔௡

Ωഥଵ Ω௘௫௧ 

ሶଵߣ ൌ 0 

Ωഥଶ 

ҧ߬ ଶ

 ଵܣ ଶܣ ଵܣ

 ଶܣ

 ଵܣ

 ଶܣ

Ω଴ 

 ܤ



Optimal pesticide policy 

20 
 

resilience of wildlife population with regard to external influences as pesticides. That is, 
an increase in ݎ augment the net growth ratio. Species with high ݎ are more capable to 
resist high external disruptions. Therefore, an increase (decrease) in ݎ, increases 
(decreases) the range of resistance to pesticide stock. It also can be interpreted as the 
decrease of the cost of pollution, since the impact to wildlife is now lesser. 

Moreover, it has also as consequence the shift in the curve λሶଵ ൌ 0 downwards 
(upwards). Likewise, the equilibrium point shifts from ൫Ωഥሺଵሻ, τതሺଵሻ൯ to ൫Ωഥሺଶሻ, τതሺଶሻ൯, in such 

a way that Ωഥ increases (decreases), while τത decreases (increases). Moreover, the 
intersection of the curve λሶ ൌ 0  with the vertical line representing Ωୣ୶୲ increases 
(decreases) from Aሺଵሻ to Aሺଶሻ. 

The main consequence to the optimal pesticide path comes from the shift of the 
point A. Let consider an initial pesticide stock in the habitat, Ω଴, that lies within the 
points Aሺଵሻ and Aሺଶሻ, as depicted in Figure 5.5a. The initial stock is not affected by ݎ 
neither by µ, so that if the initial original state is the represented by the dotted line, the 
optimal policy is likely to impose the maximum tax, τୠୟ୬, and then to follow the optimal 
path. Instead, if the system is described by the bold line, it is likely that the optimal path 
starts below the point B. 

In the case of the mortality-related parameter, µ, it nearly has the same effects on 
the equilibrium system as ݎ, and hence on the optimal path. The identical explanation 
for ݎ applies for ߤ, but in opposite directions. The only difference is in the intersection 
of the curve λሶଵ ൌ 0 and the extinction pesticide stock level, Ωୣ୶୲. Instead of horizontally 
moving the point Aሺଵሻ to Aሺଶሻ, it intersects in a lower point in the vertical direction. 

b) Social system-related parameters 

In this section we focus on the effects of social system-related underlying parameters in 
the optimal policy. Unlike the effects of ݎ and ߤ,  the extinction pesticide stock, Ωୣ୶୲, 
does not depend upon ܾ and ߜ. That is, its value remains the unaltered, while the curve 
λሶଵ ൌ 0 moves downwards as ܾ diminishes, or ߜ increases. In this sense the explanation 
nearly holds as in the previous case. 

The wildlife non-use benefits-related parameter, ܾ, is directly proportional to both 
the net benefits and the marginal benefits. A decrease (increase) in ܾ results in the shift 
in from ൫Ωഥሺଵሻ, τതሺଵሻ൯ to ൫Ωഥሺଶሻ, τതሺଶሻ൯, in such a way that Ωഥ increases (decreases), while τത 

decreases (increases) as shown in Figure 5.5c. That is, a decrease in ܾ means a less 
value of net benefits from wildlife, and hence the relative value of agricultural output 
with respect to wildlife benefits is higher.  Therefore, pesticide stock equilibrium is 
higher, since is the net benefits increase as the agricultural output increases and wildlife 
decreases. Such result can be thus obtained from reducing taxes. The increase in δ has 
also the same effect; it is possible to interpret this result in the same way in saying that it 
reduces the wildlife benefits in a distant future. 

c) Pesticide stock-related parameters 
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We discuss now the effects of pesticide stock-related parameters, α and β, both 
associated to affinity and persistence respectively. The effect of a increase in ߙ, has the 
same effect as a reduction in ߚ. The main effect is the shift in the curve Ωሶ ൌ 0 towards 
the right-hand side in the Ω െ λ space, and the shift in λሶଵ ൌ 0 upwards, as depicted in 
Figure 5.6a. In such a case, the increase of  τത  is the main effect.  

 

Figure 5.6 Effects of economic parameters in the optimal path. 

In any case, the increase in ߙ or decrease in ߚ, that is, the increase in the rate of 
pesticide flow into the habitat, or the decrease in the pesticide decay, implies a higher 
pesticide stock equilibrium, Ωഥ. It explains the shift in the curve Ωሶ ൌ 0 towards the right 
hand in the Ω െ λ space.  

Likewise, the curve λሶଵ ൌ 0 shifts upwards. Recall that is interpreted as the 
imputed cost of pollution, λଵ, that is,  as it increases, the tax has to increase as well in 
order to internalize the costs associated to the externalities generated by pesticides. 
Moreover, unlike the shift of Ωሶ ൌ 0, the movement of λሶଵ ൌ 0 upwards diminishes the 
equilibrium pesticide stock since the imputed cost of pollution is higher. 

Therefore, the net effect in Ωഥ is ambiguous. The effect depends upon the marginal 
values of both curves, given that the net effect can be in either direction. 

In Figure 5.6a is depicted the change in λሶଵ ൌ 0 as a result of the change in the 
initial pesticide price. It simply shows that smaller the pesticide price is, higher the tax 
is to internalize the external cost caused by pesticides. 

6 Implementation of the taxation policy 

The system previously described could not easily be implemented. However, the 
optimal path described in the previous section can be considered as a benchmark. 

6.1 A fixed control 

In the previous section, the implicit assumption was the absence of costs of 
implementation to establish a system of a dynamic tax that allows controlling pesticide 
use. However, when we consider the costs of implementation, this system might not be 
optimal any longer (Toman & Palmer, 1997). For this reason, we study a framework in 
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which a fixed one-time tax is implemented. Hence, the problem is now to determine the 
second-best tax level that maximizes the social net benefits studied above. For this 
purpose we consider the policy implementation in which a fixed tax is established when 
a stock pollutant causes damages to environment. We draw heavily on Ko et al. (1992) 
in the first section. The main difference with this paper is that we use an explicit 
relationship between wildlife and pesticides. 

As in the previous section, the social planner’s problem is to maximize present 
value of the net social benefits. However, the pesticide use, ݔො, is fixed over time: 

ݔܽ݉
௫ො

න൛ܻሺݔොሻ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀

ஶ

଴

 (6.1)

subject to 

ሻݐሺܮ߲ 

ݐ߲
ൌ ሻݐሺܮݎ ቆ1 െ

ሻݐሺܮ

ܭ
ቇ െ ሻ (6.2)ݐሺܮሻݐሺߗߤ

ሻݐሺߗ߲ 

ݐ߲
ൌ ොݔܽ െ            ሻݐሺߗߚ ሺߙ, ߚ ൐ 0ሻ (6.3)

ሺ0ሻܮ  ൌ ሻݐሺܮ  ,଴ܮ ൒ 0 (6.4a)

ሺ0ሻߗ  ൌ ሻݐሺߗ  ,଴ߗ ൏ ௘௫௧ (6.4b)ߗ

ሺ0ሻݔ  ൌ ሻݐሺݔ  ,଴ݔ ൌ ො (6.4c)ݔ

,ߜ  ,ߤ ݀݊ܽ ߙ  ߚ א Թା (6.4d)

The first order condition for an interior solution is: 

ܻԢሺݔොሻ

ߜ
ൌ න ሻܮԢሺܤ

ܮ߲
ߗ߲

ߗ߲
ݔ߲

݁ିఋ௧ ݐ݀

ஶ

଴

 (6.5)

This equation can be interpreted as the one-time fixed pesticide use, ݔො, that balances the 
flow of marginal benefits to the discounted flow in damages. 

In the previous section the pesticide stock asymptotically approaches to the steady 
state according to the control variable ݔ. In this case, the steady state is given by 

෠ߗ ൌ
ߙ
ߚ
ො (6.6)ݔ

As Ko et al. (1992) pointed out, unlike the dynamic framework in section (3.1), 
the fixed tax, or in our case, the fixed pesticide use depends directly on the initial 
concentration, Ω଴. Not surprisingly, both steady-state equilibria thus coincide when the 
initial concentration is identical in both cases. 

6.2 Discrete taxes 

The use of multiple discrete taxes can help approaching the first-best solution. We 
consider the imposition of a fixed tax xොሺ୧ሻ in the period ݅, for a finite number of periods, 
N, i.e., i ൌ 0, … , N. The cost of switching the taxation regime is denoted by ܫ. 
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6.3 Intertemporal optimization 

The problem of tax phasing in is 

ݔܽ݉
൛௫ොሺ೔ሻൟ,ሼ௧భ,௧మ,…,௧ಿሽ,ሼேሽ

න൛ܻ൫ݔොሺ଴ሻ൯ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀

௧భ

଴

െ  ఋ௧భି݁ܫ

൅ න൛ܻ൫ݔොሺଵሻ൯ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀

௧మ

௧భ

െ  ఋ௧మି݁ܫ

൅ .  .  .   

൅ න൛ܻ൫ݔොሺேሻ൯ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀

ஶ

௧ಿ

 (6.7)

subject to 

ሻݐሺܮ߲ 

ݐ߲
ൌ ሻݐሺܮݎ ቆ1 െ

ሻݐሺܮ

ܭ
ቇ െ ሻ (6.8)ݐሺܮሻݐሺߗߤ

ሻݐሺߗ߲ 

ݐ߲
ൌ ොሺ௜ሻݔܽ െ ሻ (6.9)ݐሺߗߚ

ሺ0ሻܮ  ൌ ሻݐሺܮ  ,଴ܮ ൒ 0 (6.10a)

ሺ0ሻߗ  ൌ ሻݐሺߗ  ,଴ߗ ൏ ௘௫௧ (6.10b)ߗ

ොሺ଴ሻݔ  ൌ ଴ (6.10c)ݔ

6.3.1 Optimal pesticide policy 

We derive the optimal policy by evaluating the optimal level of the tax between any two 
periods. The maximization of the problem is as in equation (6.1) evaluated between t୧ 
and t୧ାଵ: 

ݔܽ݉
൛௫ොሺ೔ሻൟ

න ൛ܻ൫ݔොሺ௜ሻ൯ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀

௧೔శభ

௧೔

 (6.11)

for ݅ ൌ 0, … , ܰ. The first order condition is 

ܻԢ൫ݔොכሺ௜ሻ൯
ߜ

ሾ݁௧೔ െ ݁௧೔శభሿ ൌ න ሻܮԢሺܤ
ܮ߲
ߗ߲

ߗ߲
ݔ߲

݁ିఋ௧ ݐ݀

௧೔శభ

௧೔

 (6.12)

The tN is considered the time of the last tax switch. Thus tNାଵ ൌ ∞, i.e., the final tax 
level, xොכሺNሻ, which lasts from this point on. 

6.3.2 Optimal timing  of taxation 

The problem is to determine the points in time to switch the tax level. The optimization 
problem is then 
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ݔܽ݉
 ሼ௧భ,௧మ,…,௧ಿሽ,ሼேሽ

න൛ܻ൫ݔොሺ଴ሻ൯ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀

௧భ

଴

െ  ఋ௧భି݁ܫ

൅ න൛ܻ൫ݔොכሺଵሻ൯ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀

௧మ

௧భ

െ  ఋ௧మି݁ܫ

൅ .  .  .   

൅ න൛ܻ൫ݔොכሺேሻ൯ ൅ ሻ൯ൟ݁ିఋ௧ݐሺܮ൫ܤ ݐ݀ ݅ ൌ 1,… ,ܰ

ஶ

௧ಿ

 (6.13)

subject to (6.8)-(6.10), where xොכሺ୧ሻ are the optimal tax levels in (6.12). The first order 
conditions for each stage are 

ൣܻԢ൫ݔොכሺ௜ିଵሻ൯ ൅ ሻܮሺܤ ൅ ൧ܫߜ ݁ିఋ௧೔
כ
ൌ 0 ݅ ൌ 1,… ,ܰ (6.14)

For the discrete time t୧
 we can explicitly solve equation (6.9) i.e., the pesticide ,כ

concentration at this point in time 

௜ሻݐሺߗ ൌ
ߙ
ߚ
෍൤ݔොכሺ௝ିଵሻ ቀ݁ఉ௧ೕ

כ
െ 1ቁ ݁ିఉ෌ ൫௧ೖ

൯כ
೔
ೖసೕ ൨

௜

௝ୀଵ

൅ ଴݁ߗ
ିఉ∑ ቀ௧ೕ

ቁ೔כ
ೕసభ ݅ ൌ 1,… ,ܰ (6.15)

We draw the attention to the fact that the solution depends explicitly on Ω଴. However, 
equation (6.8) cannot be explicitly solved. 

Solving equations (6.12) and (6.14) simultaneously for each period, we obtain the 
optimal values of tax level and switch time, xොכሺ୧ሻ  and t୧

  .respectively  כ

7 Conclusions 

The incorporation of an explicit damage function relating pesticide concentration and 
wildlife population has provided with important insights of the problem. The model 
allows the incorporation of the change in private agricultural benefits following from 
controlling pesticide use and the social benefits of using less pesticide in agricultural 
production.  

The regulator then takes into account the external cost of using determined level 
of pesticides when choosing the socially optimal level of pesticides. The choice implies 
the consideration on the increased profit of farmers, but also the increased cost of stock 
pollution that harmfully affects wildlife. In this framework, it is straightforward that 
taxes turn out to be the economic instrument to implement the policy. Taxes allow 
matching the decision on the level of pesticides by farmers and the social planner. 

We have also fin that the problem of choosing the optimal path is restricted by the 
constraints imposed by the agricultural and biological systems. Thus, the optimal 
taxation policy is determined by such bounds. The main result is that the initial 
concentration is determinant in the optimal path. If the initial concentration is high, the 
pesticide use has to be highly restricted, and gradually increase its use. On the other 
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hand, if pesticides are released in a pristine habitat, the optimal path requires a slightly 
restriction on pesticide use. 

We also showed the importance of examining the changes in the equilibrium 
solution of optimal control problem when one of the parameters is marginally tightened 
or relaxed. In particular, the change in the natural decay of pollution (associated to 
persistency), β, as well as in the parameter associated to mortality, µ, where of special 
importance to further research. 

The problem of implementation turned out to be also crucial. The implicit 
assumption was the absence of costs of implementation to establish a system of a 
dynamic tax that allows controlling pesticide use. However, when we consider the costs 
of implementation, this system might not be optimal any longer. The relaxation of such 
assumption provided with important insights about how to implement a second-best 
policy. 

Further research on farmers’ responses to the implementation of discrete taxes 
should be carried out. The possibility that farmers -expecting future increases in 
pesticide taxes- could hold inventories, could lead to a situation that they use a higher 
pesticide amount than the optimally social amount. In such a case the pesticide policy 
should anticipate such behavior and modify the pesticide policy accordingly. 

8 Annexes 

Annex A. Proof of existence of a stable node in steady state (general case) 

The equation (4.2) represents the steady-state equilibrium of the state equation for the 
wildlife population. If we implicitly take the derivative of this equation with respect to 
Ωഥ, we obtain the following expression: 

ܮ߲
ߗ߲

ൌ
ܮ
߲ܴ
ߗ߲

ߩ߲
ܮ߲ െ

ߩ
ܮ

 (A.1)

The numerator is clearly positive, and the denominator negative. Therefore, equation 
(4.2) is a downward sloping curve. To check it recall that we assumed that ρሺLሻ  is 
strictly concave in ߩ ,ܮ′ሺܮሻ is monotonically decreasing and ߩ′′ሺܮሻ ൏ 0.  

Since ߩሺܮሻ is strictly concave, there is a region where ߩሺܮሻ is an increasing 
function, and then a decreasing function in the adjacent region. The sign of the 

expression in the increasing function, i.e. where ߲ߩ ൗܮ߲  is positive we have to prove that 

ߩ߲
ൗܮ߲ െ ߩ

ൗܮ  is non-positive, that is that  

ߩ߲
ܮ߲

൑
ߩ
ܮ

 (A.2)
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At ܮሺ0ሻ,  ߩ ൗܮ  is indeterminate, but if we evaluate the limit when ܮ ՜ 0 using the 

L'Hôpital's rule we obtain: 

݈݅݉
௅՜଴

ሻܮሺߩ

ܮ
ൌ ݈݅݉

௅՜଴

ሻܮሺߩ݀

ܮ݀
ൌ
ሺ0ሻߩ݀

ܮ݀
 (A.3)

Therefore, at ܮሺ0ሻ, ߲ߩ ൗܮ߲ ൌ ߩ
ൗܮ  . If we now rearrange equation (A.2) and take the 

derivative of the equation (A.2) we obtain 

ܮ
߲ଶߩ
ଶܮ߲

൑ 0 (A.4)

Equation (A.4) holds since we assumed that the second derivative is negative. Therefore 
equations (A.3) and (A.4) prove that the denominator of equation (A.1) is negative.  

Annex B. Proof of a saddle point equilibrium 

We evaluate the Jacobian matrix at ܲሺܮത,  തሻ, and we obtain the trace and the determinantߗ
of the matrix: 

,ܮሾܬ ሿߗ ൌ ൦

ߩ߲
ܮ߲

െ ܴ െܮ
߲ܴ
ߗ߲

0 െߚ

൪ (B.1)

the conditions for a stable node must satisfy following conditions: 

ܬݎܶ ൑ 0 (B.2)

0 ൑ ߂ ൑ ሺܶܬݎሻଶ/4 (B.3)

we then obtain the trace by using equations (A.1) and (4.2). 

ܬݎܶ ൌ ൬
ߩ߲
ܮ߲

െ
ߩ
ܮ
൰ െ (B.4) ߚ

߂ ൌ െߚ ൬
ߩ߲
ܮ߲

െ
ߩ
ܮ
൰ (B.5)

The term in brackets in equation (B.4) is negative, and ߚ is positive by assumption. 
Hence equation (B.4) satisfies inequality (B.2). 

Now, we substitute equations (B.4) and (B.5) in (B.3) and rearranging we obtain 

൤൬
ߩ߲
ܮ߲

െ
ߩ
ܮ
൰ ൅ ൨ߚ

ଶ

൒ 0 (B.6)

which holds for all values. Thus, we can verify that and the eigenvalues associated to 
the Jacobian matrix are real negative. 

Annex C. Stability analysis  



Gutiérrez-García, Jorge 

27 
 

We now analyze whether such equilibrium point ሺܮത,  തሻ is stable. For this purpose weߗ
obtain the Jacobian matrix of the system. If at ሺܮത,  ,തሻ its eigenvalues are real negativeߗ
thus the interior equilibrium is a stable node.  

തܮ .1 െ  ത phase-diagramߗ

We evaluate the Jacobian matrix at ሺܮത,  തሻ, and we obtain the trace and the determinantߗ
of the matrix: 

,തܮሾܬ തሿߗ ൌ

ۏ
ێ
ێ
ݎۍ ቆ1 െ

തܮ

ܭ
ቇ െ തߗߤ െܮߤത

0 െߚ ے
ۑ
ۑ
ې
 (C.1)

Substituting equations (4.8) and (4.9) we obtain 

ܬݎܶ ൌ
ሺݔߙҧߤ െ ሻߚݎ

ߚ
െ (C.2) ߚ

߂ ൌ ߚݎ െ (C.3) ߤҧݔߙ

By algebraic manipulation and using conditions (5.3) we can verify that the conditions 
for a global stable node are satisfied: 

ܬݎܶ ൑ 0 (C.4)

0 ൑ ߂ ൑ ሺܶܬݎሻଶ/4 (C.5)

and the eigenvalues associated to the Jacobian matrix are real negative. 

2. Lത െ λത଴ phase-diagram 

We evaluate the Jacobian matrix at ൫ܮത,  :ҧ଴൯ߣ

,തܮൣܬ ҧ଴൧ߣ ൌ ൦

തߗߤ െ ݎ 0

ݎ2
ܭ
ҧଵߣ ൅

ܾ
തଶܮ

ߜ ൅ ݎ െ തߗߤ
൪ (C.6)

From this system we obtain 

ܬݎܶ ൌ ߜ ൐ 0 (C.7)

߂ ൌ െሺݎ െ ߜതሻሺߗߤ ൅ ݎ െ തሻߗߤ ൏ 0 (C.8)

By algebraic manipulation and using conditions (5.3) we can verify that the conditions 
for a saddle-point are satisfied: 

ଶܬݎܶ െ ܦ4 ൐ 0 (C.9)

߂ ൑ 0 (C.10)

since eigenvalues associated to the Jacobian matrix are real, distinct and with different 
signs. 
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3. Ωഥ െ λതଵ phase-diagram 

We evaluate the Jacobian matrix at ൫ߗത,  :ҧଵ൯ߣ

,തߗൣܬ ҧଵ൧ߣ ൌ ൦
െߚ ߙ

ݔ݀
ଵߣ݀

0 ߚ ൅ ߜ

൪ (C.11)

From this system we obtain 

ܬݎܶ ൌ ߜ ൐ 0 (C.12)

߂ ൌ െߚሺߚ ൅ ሻߜ ൏ 0 (C.13)

By algebraic manipulation and using conditions (5.3) we can verify that the conditions 
for a saddle-point are satisfied: 

ଶܬݎܶ െ ܦ4 ൐ 0 (C.14)

߂ ൑ 0 (C.15)

since eigenvalues associated to the Jacobian matrix are real, distinct and with different 
signs. 
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